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De�nition of missing data
Example

What is missing data?

I The simple answer: data matrix with (some) blank cells:
I Blood sample lost in mail
I Subject refused to answer
I Chemical concentration below detection limit
I Patient died before follow-up measurement
I etc, etc...

I Preliminary de�nition
I Later extend it to cover most (all?) settings
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De�nition of missing data
Example

European Social Survey

I Questionnaire on income, political opinion, employment,
religion, health, and much more

I 24 participating countries scattered over Europe
I Data publicly available at

http://ess.nsd.uib.no , ESS Round 2
I Here: relation between self rated health and income,

adjusted for age and gender in Denmark
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De�nition of missing data
Example

Variables

I Health made binary: Good vs bad (recoded from �ve
categories)

I Gender
I Age categorized in [15; 40), [40; 65), and � 65
I Household income categorized in < 6, [6; 24), [24; 60),

and � 60 kEUR/yr
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De�nition of missing data
Example

Missing data pattern
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  Income   Age  Gender   Health

n = 1; 487
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Naive analysis

I Refuse analysis if data are not complete
I Use default of statistical packages for handling missing

data: Complete case analysis
I Keep only complete observations
I Here 200 (13.4%) out of 1,487 observations are dropped
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis
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n = 1; 487
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis
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  Income   Age  Gender   Health

n = 1; 287(= 1; 487 � 200)
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Results of naive analysis

Coef�cient Naive
6-24 kEUR 1.101

(0.31 - 3.88)

24-60 kEUR 1.905
(0.55 - 6.61)

60+ kEUR 5.183
(1.10 - 24.49)

n 1287
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Evaluation

I Pro
I Easy
I ... (couldn't think of more!)

I Con
I Reduced precision
I May introduce bias
I n varies across analyses

I Main Problem: Prevents thinking about “the missingness”
as an important feature
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Mean imputation (single imputation method)

I Idea: Fill-in data where needed
I Procedure

1. Compute mean of each variable with missing values
—for categorical data use the mode (most common value)

2. Replace missing values with the relevant mean
3. Estimate parameter based on imputed dataset
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis
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n = 1; 487
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  Income   Age  Gender   Health

n = 1; 487 (!?)
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Results of analysis with single imputation

Coef�cient Naive SI: Mode
6-24 kEUR 1.101 1.065

(0.31 - 3.88) (0.30 - 3.74)

24-60 kEUR 1.905 2.105
(0.55 - 6.61) (0.61 - 7.23)

60+ kEUR 5.183 5.319
(1.10 - 24.49) (1.13 - 25.09)

n 1287 1487
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Evaluation

I Pro
I Makes use of all data
I Potentially unbiased estimates
I n constant across analyses

I Con
I Downward biased standard errors
I Often biased estimates

I Main problem: Identical valuation of fabricated data and
observed data
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Sensitivity analysis

I AKA: Extreme case analysis
I Set all missing values to lowest/highest possible values,

respectively
I Do estimation on “completed” data
I Idea: Measures the maximal impact of missing data
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Results of sensitivity analysis

Coef�cient Naive SI: Mode SI: Min SI: Max
6-24 kEUR 1.101 1.065 0.575 1.068

(0.31 - 3.88) (0.30 - 3.74) (0.27 - 1.23) (0.30 - 3.76)

24-60 kEUR 1.905 2.105 0.995 1.917
(0.55 - 6.61) (0.61 - 7.23) (0.48 - 2.08) (0.55 - 6.63)

60+ kEUR 5.183 5.319 2.814 4.117
(1.10 - 24.49) (1.13 - 25.09) (0.86 - 9.24) (1.06 - 16.02)

n 1287 1487 1487 1487
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Complete case analysis (aka. naive)
Mean imputation
Sensitivity analysis

Evaluation

I Pro
I Makes use of all data
I Brings impact of missing data to light
I n constant across analyses

I Con
I Downward biased standard errors
I At least one set of estimates are biased

I Main problem: What do you do, when results are sensitive
to missing data?
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Taxonomy of missingness

I Three main categories
MCAR Missing completely at random

MAR Missing at random
MNAR Not missing at random
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Exemplifying missingness categories

MCAR Missing info on income is completely
unpredictable, i.e. actual income does not
in�uence willingness to answer, nor does health,
age, sex, ...

MAR Missing info on income is related to actual income,
but when age, sex, social status, health, and other
observables are correctly accounted for, the
relation vanishes

MNAR Missing info on income is related to actual income,
and even when age, sex, social status, health, and
all other observables are correctly accounted for,
the relation does not vanish
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Operationalizing the theory

1. Identify type of missingness

2. Model missing data

3. Estimate from model and summarize results

4. Assess sensitivity
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

The outcome variable of being missing

Based on the observed data

I MCAR can be ruled out
I MAR can be a reasonable assumption
I MNAR can never be ruled out

—but hard (impossible?) to proceed in this case
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Missing income vs. age, sex, and education

Coef�cient Missing Income
40-64 0.446

(0.31 - 0.64)

65+ 0.643
(0.41 - 1.00)

Females 1.480
(1.07 - 2.04)

n 1466
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Taxonomy
Understanding the type of missingness
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Missing income vs. age, sex, and education

Coef�cient Missing Income
7-10 years 1.404

(0.30 - 6.51)

10-12 years 2.082
(0.45 - 9.65)

12-15 years 0.807
(0.18 - 3.72)

15+ years 0.466
(0.100 - 2.181)

n 1466
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Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Type of missingness wrt. income

I Missing income depends on
I age and gender
I maybe on education

I Type is not MCAR
I Can hope for MAR (i.e. we can model the missingness)
I Can not rule out MNAR

I Depend on other observed covariates
I Depend on unobserved covariates
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Taxonomy
Understanding the type of missingness
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Modeling the missing data

I Assume that income is missing at random, given
I age
I sex
I years of education

I Implies that unobserved income can be predicted from
observed values of these variables

Henrik Støvring Missing data



Introduction
Simple strategies for handling missing data

Introductory theory and valid models for missing data
The broader perspective

Final remarks
References

Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Likelihood modeling

I Specify model for
I relation between missing data and observed data
I relation between completed covariates and outcome

I Code model to optimize likelihood
I Optimal...
I ...but for statisticians only
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Multiple imputation

I Valid alternative to a full likelihood model
I Simpler to implement
I Consists of three steps

1. Fill in missing values repeatedly and random to create m
complete datasets

2. Do N complete data analyses ! b� 1; : : : ; b� m

3. Combine the N parameter estimates to a single, joint
estimate: (b� 1; : : : ; b� m) ! b�
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  Income   Age  Gender   Health   Income   Age  Gender   Health   Income   Age  Gender   Health

  Income   Age  Gender   Health   Income   Age  Gender   Health

m = 5; n = 1; 487
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The rationale of multiple imputation
I Average of b� i is unbiased estimate of �

b� �
1
m

X

i

b� i

I Total uncertainty of parameter estimate combines
I Standard errors of b� i
I Variability between b� i 's
I Formula:

s:e:(b� ) =

s

E
�

s:e:(b� i )2
�

+
1 + m

m

P
i (b� i � E(b� i ))2

m � 1

I Dif�cult: creating full datasets
I Easy: analyzing complete datasets
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Multiple imputation in practice

I Implemented in some statistical packages:
SAS MI and MIANALYZE

Stata -ice- and -micombine- (add-on)
R mitools (add-on)

SPSS MVA– provides biased estimates
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Estimates for each completed dataset

Coef�cient j = 1 j = 2 j = 3
6-24 kEUR 0.977 1.391 1.056

(0.28 - 3.39) (0.46 - 4.22) (0.30 - 3.68)

24-60 kEUR 1.964 2.430 1.823
(0.57 - 6.76) (0.81 - 7.26) (0.53 - 6.25)

60+ kEUR 5.527 5.389 5.511
(1.18 - 25.98) (1.37 - 21.16) (1.18 - 25.82)

n 1487 1487 1487
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Taxonomy
Understanding the type of missingness
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Multiple imputation
Results using multiple imputation
Comparing with simple approaches
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Combined estimate

Coef�cient j = 1 j = 2 MI comb
6-24 kEUR 0.977 1.391 1.071

(0.28 - 3.39) (0.46 - 4.22) (0.30 - 3.84)

24-60 kEUR 1.964 2.430 1.893
(0.57 - 6.76) (0.81 - 7.26) (0.54 - 6.66)

60+ kEUR 5.527 5.389 4.808
(1.18 - 25.98) (1.37 - 21.16) (1.00 - 23.14)

n 1487 1487 1487

Henrik Støvring Missing data



Introduction
Simple strategies for handling missing data

Introductory theory and valid models for missing data
The broader perspective

Final remarks
References

Taxonomy
Understanding the type of missingness
Likelihood
Multiple imputation
Results using multiple imputation
Comparing with simple approaches
Summary on multiple imputation

Combined estimate vs. naive and single mean
imputation

Coef�cient Naive SI: Mode MI comb
6-24 kEUR 1.101 1.065 1.071

(0.31 - 3.88) (0.30 - 3.74) (0.30 - 3.84)

24-60 kEUR 1.905 2.105 1.893
(0.55 - 6.61) (0.61 - 7.23) (0.54 - 6.66)

60+ kEUR 5.183 5.319 4.808
(1.10 - 24.49) (1.13 - 25.09) (1.00 - 23.14)

n 1287 1487 1487
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Combined estimate vs. naive and single mean
imputation, log-odds

Coef�cient Naive SI: Mode MI comb
6-24 kEUR 0.09660 0.06266 0.06836

(0.643) (0.642) (0.651)

24-60 kEUR 0.6445 0.7445 0.6384
(0.634) (0.629) (0.642)

60+ kEUR 1.6453 1.6713 1.5704
(0.792) (0.791) (0.802)

n 1287 1487 1487
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Combined estimate vs. naive and single mean
imputation wrt. age, log-odds

Coef�cient Naive SI: Mode MI comb
40-64 -0.8392 -0.8513 -0.8636

(0.345) (0.322) (0.323)

65+ -1.0571 -0.9100 -0.9318
(0.385) (0.366) (0.366)

n 1287 1487 1487
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Combined estimate vs. naive and single mean
imputation wrt. gender, log-odds

Coef�cient Naive SI: Mode MI comb
Females 0.2703 0.2733 0.2786

(0.257) (0.247) (0.247)

Constant 2.9019 2.8731 2.9593
(0.664) (0.656) (0.663)

n 1287 1487 1487
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Evaluation

I Pro
I Works whenever the standard analysis works
I Implemented in standard statistical packages
I Makes variation due to missing data explicit
I Needs explicit model for missing model
I Valid statistical properties
I Separates imputation and analysis

I Con
I Unclear sensitivity to misspeci�ed missingness mechanism
I Hard to choose optimal strategy for �lling in missing values
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Data augmentation and the EM algorithm
EM example

"Pretend, and you shall have"

I Many problems easier if only more info were available:
I Uncensored failure times
I True disease status
I True exposure status
I True frailty
I Propensity to receive treatment
I Latent class

I Idea:
1. Can you estimate the parameter(s) if only you had

complete information? M-step
2. Can you predict the unobserved parts, if only you had the

parameters? E-step
3. Repeat until convergence (no changes)
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Data augmentation and the EM algorithm
EM example

Pharmaco-epidemiology and prevalence of drug use

I Individual redemptions observed in time window
I Follow individuals
I Treatment status not observed
I Waiting time distribution
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Data augmentation and the EM algorithm
EM example

Calendar time

Subjects

Untreated

Treated

Redemptions
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Data augmentation and the EM algorithm
EM example

t0 � Calendar time

Subjects
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Data augmentation and the EM algorithm
EM example

Waiting time distribution
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00
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Data augmentation and the EM algorithm
EM example

Waiting time distribution
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Event time
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Data augmentation and the EM algorithm
EM example

Waiting time distribution
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Data augmentation and the EM algorithm
EM example

Waiting time distribution
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Event time
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Data augmentation and the EM algorithm
EM example

The EM algorithm applied to the waiting time
distribution

1. Given the probability of being prevalent at a speci�c date,
parameters of best �tting curves can be obtained, and their
relative size (M-step)

2. Given the two curves and their relative size, the probability
of being prevalent can be predicted (E-step)

3. Repeat until convergence
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Summary

I Missingness is pervasive and in-escapable
I Missing data should not be ignored
I Complete case analysis should not be the default
I Single imputation models should be used with caution
I Multiple imputation is often a valid and feasible alternative
I Model based handling of missing data is optimal
I All estimation problems are missing data problems: What

you don't know, is what you are missing
I No theory can substitute for actual data
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What are we missing?

I How can the real uncertainty due to missing data be
re�ected in con�dence intervals?

I Can expert opinion be incorporated in sensitivity analyses?
(Scharfstein, Joint Statistical Meeting 2006)

I How should results be reported in NMAR situations?
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Thank you for your attention!

Remember: Rather rich and healthy, than poor and ill!

Slides prepared with LATEXand Beamer
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